Quantum effects in the interaction of off-resonant coherent hght with a single atom 
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Well controlled nonlinear interactions between light field pulses and single atoms could be used to 
implement optical quantum information technologies based on qubits encoded in superpositions of 
coherent states of light. Here, we investigate the transformation of a coherent light field input at a 
single atom sufficiently far from resonance to limit the decoherence effects associated with random 
excitations of the atom. The conditions for suppressing multi-photon scattering to implement arbi- 
trarily large shifts of the coherent light amplitude without decoherence are studied. It is shown that 
quantum controlled coherent shifts can be achieved by sufficiently long coherent pulses, indicating 
the possibility of generating superpositions of coherent states with large amplitude differences. The 
dominant multi-photon scattering effect associated with four wave mixing is also identified, and the 
spectral and temporal characteristics of the entangled photon pairs generated by this process are 
discussed. 

PACS numbers: 42.50.Ex, 42.50.Nn, 03.67.Bg 



I. INTRODUCTION 

Quantum optics has long been a testing ground for 
quantum information related technologies, since it com- 
bines the reliable control of field coherence by conven- 
tional linear optical elements with the possibility of pre- 
cise measurements by photon detection. Ideally, a well- 
controlled optical non-linearity would complete the quan- 
tum optical toolbox by adding unconditional quantum 
gate operations based on photon-photon interactions. 
Initially, it was hoped that the interaction of light with 
a single atom in a microcavity would provide the solu- 
tion, and initial experimental results did confirm that the 
non-linear effects observed in such a system would be suf- 
ficiently strong to realize interactions between individual 
photons However, these initial results were based 
on continuous wave input fields and their application to 
individual photons in well-defined finite time pulses is 
not immediately obvious. As the variety and the qual- 
ity of technical implementations improves, the question 
of whether quantum information technologies could be 
based on non-linear optics has attracted renewed interest 
^i^. In particular, the fact that light field propagation 
effects need to be taken into account has been increas- 
ingly recognized, and the limitations of device fidelity 
caused by non-linear scattering in the time-frequency de- 
gree of freedom has been analyzed in a number of theo- 
retical works d-lU. 

Unfortunately, the present methods of analysis have 
not resulted in any simplifying intuitive insights, 
strengthening the impression that the light-matter inter- 
action in free space is just too random and complex for 
any meaningful control at the quantum level p^H.[l6|. 
It may therefore be helpful to take a step back, and to 
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examine the way that the light-matter interaction is de- 
scribed in quantum mechanical models. What exactly is 
the cause of the difficulties, and might there be a way to 
find a more simple description of the interaction within 
a useful limit? 

Since the idea of non-linear switching works well in 
the classical limit, it has been suggested that the prob- 
lem might be solved by using coherent states of light 
with high photon numbers 0, HI, [l^]. In this limit, the 
non-linearity of off-resonant interactions between light 
and matter could be sufficient to cause the desired quan- 
tum effects without any additional decoherence caused by 
non-linear scattering between different frequencies. How- 
ever, a more detailed theoretical analysis of the interac- 
tion between a coherent field and a single photon in a 
non-linear medium shows that it is difficult to avoid non- 
linear scattering effects between the different spatiotem- 
poral modes describing the propagation of the light field 
through the medium [Tj, [l^. Nevertheless the robust- 
ness of optical coherence in the linear limit suggests that 
the absorption and re-emission of multiple photons will 
not necessarily result in decoherence. It may therefore 
be important to examine the quantum physics of photon 
absorption and emission in more detail, in order to dis- 
tinguish coherent and incoherent optical effects at a more 
fundamental level. For this purpose, we here consider the 
interaction of a coherent input field with a single atomic 
system. Although this kind of coherently excited atomic 
system has been studied extensively using semiclassical 
models of the light-matter interaction, a complete quan- 
tum mechanical description of the output light field is 
non-trivial, since it generally involves quantum interfer- 
ences between a large number of sequential photon ab- 
sorptions and re-emissions. As we show in the following, 
the problem can be simplified considerably by analyz- 
ing the interaction terms that couple the light field to an 
atomic system. In particular, it is possible to show that a 
large number of absorption and re-emission events can be 
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summarized by a simple coherent shift of the hght field, 
corresponding to the effects of coherent atomic dipole 
emission. Significantly, we can show that this fully co- 
herent dipole emission can involve a large number of pho- 
tons, despite the fact that it is associated with the dipole 
of a single atomic system. It may therefore be possi- 
ble to implement quantum controlled shifts of coherent 
states that can entangle two ground states of an atomic 
three level system with the two-dimensional Hilbert space 
formed by two nearly orthogonal coherent states of the 
light field. We also show that the effects of quantum 
noise associated with spontaneous absorption and emis- 
sion events can be described by pairs of quantum jump 
events that generate pairs of photon states that are dis- 
placed in the optical phase space by the field amplitude 
of the coherent emission. These photon pairs can be de- 
scribed by an entangled two photon wavefunction similar 
to the two photon wavefunctions of down-converted pho- 
ton pairs. It is pointed out that these two photon states 
describe the effects of squeezing associated with four wave 
mixing at the single atom non-linearity. Thus, the inco- 
herent effects in the off-resonant light-matter interaction 
can be traced back to the inadvertent squeezing of the 
vacuum at frequencies far away from the original input 
frequency. 

The rest of the paper is organized as follows. In section 
im we introduce a simple model of one dimensional light 
field propagation and local interaction with an atomic 
system. We describe the propagation of light by time 
dependent operators and derive the effective Hamilto- 
nian that describes the dynamics of the atom and its 
interaction with the field. In section IIIIl the complex 
amplitude of the input coherent field is subtracted from 
the field operators to obtain effective field operators for 
whom the coherent input state is an effective vacuum. It 
is then possible to include the coherent input field in the 
atom dynamics, separating its effects from the effects of 
the light-matter interaction. In section IIVI the interac- 
tion Hamiltonian is expressed in terms of eigenstates of 
the coherently driven atom and transitions between those 
eigenstates. All transitions between the eigenstates are 
then correlated with the emission of photons into the ef- 
fective vacuum of the coherent input field. In section IVl 
it is shown that, in the absence of quantum jumps, the 
ground state of the coherently driven atom displaces the 
amplitude of the coherent field by a constant amount cor- 
responding to the dipole of the ground state induced by 
the driving field. The conditions under which quantum 
jumps are sufficiently unlikely to be neglected are consid- 
ered. Section IVTl discusses a possible application of large 
coherent shifts to a hybrid system of atomic qubits and 
qubits formed by superpositions of nearly orthogonal co- 
herent states. Section IVlIl discusses the quantum states 
of the photon pairs emitted as a result of the quantum 
jumps between the dressed states of the driven atom. 
Section I Villi summarizes the results and concludes the 
paper. 



II. LIGHT FIELD PROPAGATION AND 
INTERACTION WITH A LOCAL ATOMIC 
SYSTEM 

We consider the interaction between a light field prop- 
agating in one dimension and a single atom interacting 
with the field at a specific point, x = 0. Note that this 
is different from the situation in a waveguide, where the 
light field can propagate in two directions, and the inter- 
action with the atom may change the direction of prop- 
agation. In general, the one-dimensional description of 
light field propagation can be justified by identifying the 
absolute value |a;| = r with the distance from the atom, 
and the sign of x with the propagation direction, so that 
incoming waves are described by a; < and outgoing 
waves are described by a; > 0. As explained in ^23], this 
description can even be applied to the spherical waves of 
free space emission. For practical purposes, however, it 
will be helpful to consider a realization where the incom- 
ing and the outgoing fields propagate in a well focused 
beam shape along the axis of an optical cavity. The most 
simple realization of a well-controlled one-dimensional 
atom system would be a single atom in a one-sided cavity 
system, where almost 100% of the spontaneous emission 
from the atom is emitted into the direction of the lower 
refiectivity mirror (s| . Since the excitation of the atom is 
the time-reversed process of the emission, the incoming 
light must come from the same side of the cavity, so that 
a; < describes incoming light at a distance of r — —x 
from the cavity, while a; > describes outgoing light at 
a distance of r = x. Significantly, the spatial degree of 
freedom x does not simply describe the physical posi- 
tion, but combines information about the distance from 
the system with the direction of propagation. In this 
manner, incoming light can be separated from outgoing 
light, and all propagation effects can be described by a 
unidirectional shift of position with a constant velocity 
of c in the positive x-direction. 

In the following, we will describe the light field in space 
and time by using the continuous modes defined by the 
annihilation operators b{x) of a photon at position x. 
For normalization purposes, the commutation relations 
of these operators are given by the Dirac delta function. 



b{x),b''{x') —d{x — x'). 



(1) 



The relevant transition of the atom can be described by 
the Pauli operators ct^ for the two level system defined by 
the ground state | g) and the excited state | e). Specifi- 
cally, the operator tr^ describes the energy of the atom, 
with eigenvalues of -1-1/2 for the excited state and —1/2 
for the ground state. The complex dipole of the atom is 
then described by the atomic annihilation operator. 



(2) 



An extension to multi-level systems is straightforward, 
requiring merely a proper labeling of the possible transi- 
tions to distinguish their effects on the light field. For the 
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sake of simplicity, we will assume that there is only one 
relevant transition involved in the interaction, so that a 
two level system is adequate for the description of the 
atom. 

The total Hamiltonian of the light-matter interaction 
can be separated into three parts, 

H ~ -fflight + -ffint. + Hatom, (3) 

where Hught describes the propagation of light in free 
space, -ffint. describes the interaction between the field 
and the atom, and -ffatom describes the dynamics of the 
atomic system. We first simplify the problem by solv- 
ing the propagation of light in free space in the Heisen- 
berg picture, so that the propagation dynamics can be 
expressed by the time dependence of the annihilation op- 
erators, 

b{x,t) = b{x- c{t-t'),t'). (4) 

Effectively, light field propagation turns the spatiotem- 
poral modes into elements of a quantum shift register, 
where the index x aX t — defines the time t — —x/c at 
which the mode interacts with the atom. To simplify the 
notation, the operators of the light field can be labeled 
according to their arrival time at the atom, 

bit)^b{-c{t~t'),t'). (5) 

In addition, we assume that the light field is described by 
a carrier frequency wnght that is detuned from the atomic 
resonance Watom by 

UJS — l^atom — "flight • (6) 

The coupling between the atom and the light field can 
be described by a local interaction with the mode b{t), 
where the coupling coefficient iBrother Magentas given 
by the dipole relaxation rate F, which is equal to one 
half of the spontaneous emission rate of the atom [1, [l^ . 
The effective time-dependent Hamiltonian describing the 
light-matter interaction can then be written as 

^Hcs = ios^z - V2r^ {b{t)^- + bHt)^-) ■ (7) 

This Hamiltonian describes the time evolution of the 
quantum state, where b{t) indicates that the effects of 
the interaction act on different parts of the multi-mode 
light field as the light field propagates past the atom. 
In principle, this operator can be used to formulate the 
Schroedinger equation in the photon number basis, and 
the output state of the interaction dynamics could be 
found by integrating the quantum coherent superpo- 
sitions of all possible sequences of absorption and re- 
emission, as was done for the two photon case in Q. 
However, this approach is somewhat impractical in the 
case of a strong coherent input field due to the large 
number of possible absorptions and re-emissions associ- 
ated with the high photon number in the input. In the 



following, we will therefore adapt the formulation of the 
interaction to the specific situation of a coherent input 
field in order to identify the essential physics of the in- 
teraction in the context of a strong off-resonant driving 
field. 



III. COHERENT STATE INPUT AS AN 
EFFECTIVE VACUUM 

Coherent states correspond to a vacuum state dis- 
placed from the zero field by an amplitude of a, which 
corresponds closely to the field amplitude used in semi- 
classical theories of the light-matter interaction. In the 
multimode case, the coherent state is defined by the am- 
plitudes in each mode, as given by the eigenvalues of the 
annihilation operators. For continuous time dependent 
fields 

bit)\m)^^m\m), (») 

where /3{t) is normalized so that |/3(i)P gives the average 
rate of photons incident on the atom at time t. Using all 
of the amplitudes I3{t), it is possible to define a multi- 
mode displacement operator Dp, such that the coherent 
state can be written as a displaced vacuum, 

\m)^Dp\v^c.}. (9) 

Thus, the coherent state can be treated as an effective 
vacuum with regard to a zero-point field value of (3(t). 
The difference between this zero-point field and the quan- 
tum mechanical field described by the annihilation oper- 
ators b{t) can be represented by the effective field opera- 
tors 

ks{t) = Dib{t)Dl 

^b{t)~^m- (10) 

The effective field operators 6off(i) describe the light- 
matter interaction in terms of photon absorption and 
emission events relative to the effective vacuum defined 
by I fi{t)). In particular, the application of the effective 
creation operator bl,^(t) to the initial coherent state de- 
scribes the generation of an effective single photon state, 

\Ht'))^bUt')\m) 

^bpb\t')\Y&c.). (11) 

As the second line of Eq. (|lll) shows, this state can also 
be obtained by displacing the state of a single photon at 
time t' by the coherent amplitudes /3(i). Likewise, a series 
of multiple effective emissions at different times t' can 
be expressed by the corresponding coherently displaced 
multi-photon states. 

By describing the quantum state of the light field in 
terms of displaced photon number states, we can sum- 
marize the effects of the coherent field amplitude on the 
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atom and express the remaining interaction in terms of 
a limited number of additional photon emissions caused 
by transitions between the excited state and the ground 
state of the atom. The Hamiltonian describing the dy- 
namics can then be expressed as 

^Feff = ujsa, - \/2f + 

-y/Wc (bes{t)al + blfi{t)a-) . (12) 

Significantly, the part of the light-matter interaction that 
describes the effect of the coherent driving field on the 
atom is now independent of the quantum state of the 
light field and can be treated as part of the internal dy- 
namics of the atom. It is therefore possible to summarize 
a large part of the interaction dynamics by including the 
semiclassical response of the atom to the field in the de- 
scription of the atom - a method also known as "dressing" 
the atom in the field. However, the fact that the atom is 
usually in a partially excited state means that there can 
still be a large number of effective emissions of displaced 
photon states into the effective vacuum. To keep track 
of these additional emissions, it is useful to consider the 
dynamics of the atom in the presence of (or "dressed" in) 
a coherent driving field. 



IV. DRESSED STATES OF THE ATOM 

If we assume that the coherent field changes only 
slowly, the semiclassical part of the Hamiltonian can be 
diagonalized to obtain dressed state solutions for station- 
ary states of the coherently driven atom. Specifically, the 
atomic Hamiltonian is now proportional to a Pauli oper- 
ator associated with an axis tilted by an angle of from 
the original z-direction. 



(T^ = cos6Ict;, + sinO^ (e'^'^'a- + e^'^al) , 



(13) 



where (f) is the phase of the field amplitude ^{t) and 
depends on the ratio of amplitude |/3(f)| and detuning cos 
according to 



(14) 



arctan ( — \i3{t)\ 



The change to the dressed state basis also modifies the 
description of transitions between the eigenstates of the 
atomic Hamiltonian. These transitions can be repre- 
sented by a transformed atomic annihilation operator, 



a'- = cos^ ( ^ ' ^- 



-e** sin6ia,. 



(15) 



the dressed states of the atom. The result reads 
i 

uj0a', - \/2f^sin^ (e-'^Seff(t) + e'Hlg{t)) a', 
-V^cos^ (^0 (b,s{t)a'l+bls{t)a'.) 

-VWcsin^ (^0 (blf,{t)a'l + ks{t)a'-) . (16) 

In this formulation of the Hamiltonian, it is possible to 
separate the dynamics into a time evolution that con- 
serves (T^ and a series of quantum jumps between the 
eigenstates of a'^ that are correlated with discontinuous 
changes in the light field represented by the creation of 
a photon in the effective vacuum described by the coher- 
ent field. Since the quantum jumps result in the creation 
of photon states in the effective vacuum, the propaga- 
tion of these photon states away from the atom leaves an 
irreversible record of the quantum jump in the emitted 
field. Although the process is coherent and the output 
state should be expressed by a superposition of differ- 
ent quantum jump times, the fact that the output state 
components can always be distinguished by the number 
of photons effectively created in the output field means 
that it is convenient to expand the solution in terms of 
this number, starting from the solution for zero quantum 
jumps. If this series converges, it is possible to integrate 
the Schroedinger equation by considering only the low- 
est relevant numbers of quantum jumps in the solution, 
similar to the Feynman path approach to interactions 
between elementary particles. 

In a specific scenario, the input light field P{t) will 
be time dependent. However, we can assume that the 
time dependence is sufficiently slow compared to the de- 
tuning dynamics described by ujs, so that the quantum 
state of the atomic system will follow the changes of the 
eigenstates of a'^ (t) adiabatically. If the atom is initially 
in the ground state, it will remain in the instantaneous 
groundstate | g') unless a quantum jump takes it to the 
excited state. Without a driving field, such quantum 
jumps would be impossible, since the excitation of the 
atom would require the annihilation of a photon, and no 
such photon is available in the input state. However, 
the presence of the driving field makes such quantum 
jumps from ground state to the excited states possible, 
as expressed by the product of the creation operators 

blff{t)a'^_ in the Hamiltonian. This operator results in 
a transition to the excited state and a simultaneous cre- 
ation of a photon in the effective vacuum represented by 
the coherent input field. The probability of such a quan- 
tum jump for an infinitesimal time interval dt is given by 
the interaction coefficient in the Hamiltonian. For the 
transition from ground state to excited state, the proba- 
bility per time interval is 



With this transformation, it is possible to express the 
interaction Hamiltonian in terms of transitions between 



dPjumpig' -» e') 
dt 



2rsinM^ 



(17) 
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Note that 2r is the spontaneous emission rate of the ex- 
cited state in the absence of a driving field. For driving 
fields that are sufficiently weak compared to the detun- 
ing {6 ^ 1), the rate of transitions is proportional to the 
fourth power of the field amplitude In this limit, 

we can expect the atom to remain in the dressed ground 
state I g') during most of the dynamics, with only a small 
number of quantum jumps to the excited state. 

Once the atom is in the excited state due to a quantum 
jump, the probability of another quantum jump back to 
the ground state is given by 



c^-Pjump(e' g') 



dt 



2T cos^ - 



(18) 



In the limit of weak driving fields {9 <C 1), this proba- 
bility is equal to the spontaneous emission rate of the 
atom. The atom will therefore return to the dressed 
ground state within a time comparable to the lifetime 
of the excited state in the absence of a driving field. 

In general, the response of the atom to the coherent 
driving field is given by a coherent superposition of all 
possible combinations of quantum jumps. Significantly, 
each combination of quantum jumps is distinguishable in 
the output state of the light field, since the excitation 
of a photon in the effective vacuum represented by the 
input state transforms the state of the light field to an 
orthogonal state. Different quantum jump sequences are 
therefore represented by orthogonal states of the output 
light field, and no integration over paths with indistin- 
guishable outcomes is necessary. 



COHERENT SHIFT OF THE OUTPUT 
FIELD 



The Hamiltonian given in Eq. (|T6|) acts on the light 
field in two different ways. In addition to the quantum 
jumps between the eigenstates of the dressed states, there 
is also the interaction represented by the product of a'^ 
and the field operators. If we assume that no quantum 
jumps occur and the atom is always in its ground state 
I g'), the approximate Hamiltonian of the light- matter 
interaction is given by 

Ho ^ 

(19) 

This Hamiltonian acts on the light field as it passes the 
atom. Specifically, it generates a displacement of the 
state that changes the amplitude of the coherent input 
state by an amount proportional to the coefficients in 
the Hamiltonian. Using Ea. (ITi|) . this coefficient can be 
expressed in terms of the input field amplitude, 



1 



2r sin6ie 



2r 



^ul + 8T\m\'- 



m- (20) 



The non- linear dependence of the coefficient on (3{t) re- 
fiects the saturation effects in the excitation of the atom 



by the driving field. In terms of the timescales of the 
atom-field dynamics, the condition for weak excitation 
{9 1) is given by ujs >• 8r|/3(i)p, in which case the 
approximate value of the coherent shift induced by the 
atom in the optical field is given by the semiclassical lin- 
ear response. 



2T 

pout{t) = m-^—m- 

us 



(21) 



In the limit of weak excitation by the off-resonant driving 
field, the response of the single atom can therefore change 
the coherent amplitude of the input light in accordance 
with the semiclassical theory, without any decoherence 
of the light field. 

Significantly, the coherent shift induced by the single 
atom can involve a large number of photons. For a rect- 
angular pulse with constant amplitude /3(t) = /Sp, the 
average photon number in the pulse is given by |/3opr, 
where T is the duration of the pulse. Therefore, the co- 
herent state amplitude of the total pulse is ain — PoVt, 
and the coherent shift induced by the single atom is 



2r 

-i—I3oVt. 

UJS 



(22) 



By making the pulse time arbitrarily long, a single atom 
can thus induce an arbitrarily large coherent shift. This 
means that the quantum state of a single atom could 
be used to control the amplitude of coherent states, per- 
mitting the realization of atom-light quantum gates that 
could encode quantum information into superpositions of 
nearly orthogonal coherent state. However, it is neces- 
sary to ensure that the amplitude /3o is indeed low enough 
to neglect the effects of quantum jumps during the pulse 
time T. According to Eqs.lfTl]) and ([T7|) . the rate of quan- 
tum jumps for an amplitude of (3q is 



dt 



1 

2f 



2r 

2— /3o 

UJS 



(23) 



If the amplitude /3q is expressed in terms of the total 
coherent shift given in Eq. ([22|) . the total probability of a 
quantum jump during the pulse time T can be given as 



Pi 



|2(Q;out 



01^ 



jump 



2rr 



(24) 



To achieve coherent shifts larger than one, it is therefore 
necessary to make the duration of the input pulses suffi- 
ciently longer than the spontaneous emission lifetime of 
the excited state. 

Note that there is no theoretical limit to the amount 
of coherent shift that can be obtained at negligible quan- 
tum jumps. However, the coherence of the atom and 
the coherence of the input pulse must be stable over the 
pulse time T. For typical atomic transitions at optical 
freuqencies, l/F will be several nanoseconds long, so it 
is desirable to achive coherence times in the microsecond 
regime in order to suppress quantum jump effects at suf- 
ficiently large coherent shifts. According to Eg. d^^ . the 
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coherent shift that can be obtained with FT « 10^ and 
a quantum jump probabihty of fjump = 0-1 is stiU only 
ttout — ckin ~ 1-9. In practice, it may be difficult to push 
the limit much farther due to the difficulty of achieve- 
ing long coherence times. This result thus illustrates the 
technical challenge involved in controlling macroscopic 
coherent shifts through the microscopic degrees of free- 
dom of a single atom. 



VI. QUANTUM CONTROL OF COHERENT 
SHIFTS BY GROUND STATE SUPERPOSITIONS 

One exciting possibility that emerges from the obser- 
vation that a single atom can induce arbitrarily large co- 
herent shifts in its linear interaction with an input field 
is the control of coherent state amplitudes by quantum 
states of the atom. In particular, it may be possible to 
implement a quantum controlled shift gate, if the inter- 
action between the atom and the light field depends on 
the quantum state of the atom (2^ . For simplicity, we 
will consider a three level atom described by the states 
I g), I e), and | d), where the third state does not in- 
teract with the light field at all. The atom can now be 
used as a qubit, where information can be encoded in | g) 
and \ d). To prepare and measure the atom, it may be 
useful to drop it through the cavity, using strong pump 
pulses for preparation and measurement before and after 
it passes through the cavity to interact with the one- 
dimensional field incident on the face of the cavity. A 
schematic setup for such an experiment is shown in Fig. 
[TJ While the atom is in the cavity, it interacts with the 
coherent input pulse according to the theory discussed 
above. If /jump ^ 1, the total effect of the interaction 
will be a conditional phase shift, 

U I a)® I d) = I a)® I d) 

U\a)®\g) = \e-'^a)®\g), (25) 

where x — 2r/a;5 <C 1. For sufficiently large coherent 
amplitudes a, the coherent states in the output have neg- 
ligible overlap. It is then possible to generate superposi- 
tions of distinguishable coherent states by preparing the 
atom in an equal superposition of | g) and | d) , interact- 
ing the coherent light with the atom, and performing a 
projective measurement of an equal superposition of | g) 
and I d) after the interaction. The final field state after 
this operation reads 



state preparation 
I 9)+ I d) 



{{g\+{d\)U\a)®{\g)+\d))=\e-^^a) 



(26) 



The interaction between strong coherent light and a sin- 
gle atom could therefore be used to realize a cat-state 
superposition of coherent states with negligible overlaps. 
Oppositely, evidence for such a non-classical coherence in 
the output field can be used to confirm whether a quan- 
tum controlled shift gate has been realized or not. 

The present scenario suggests that a possible solution 
to the problems raised by uncontrolled non-linear scatter- 
ing in the spatiotemporal degrees of freedom of the light 



field input | a) 



field output 
I e-'^a>-F I a) 



V 



atom 



V 

measurement 
I 9)+ I d) 



FIG. 1. Illustration of an experimental realization of a super- 
position of coherent states with different amplitudes. A three 
level atom is prepared in an equal superposition of its ground 
state I g) and a state \ d). It is then dropped through the 
one sided cavity, where the state | g) induces a phase shift 
X in the incident light field | a), while the state | d) has no 
effect. Finally, the atom exiting the cavity is detected in an 
equal superposition of | g) and | d), resulting in the desired 
superposition in the optical output. 



field might be a hybrid architecture of atoms and fields, 
where the linear interaction between the light field and 
the atom is controlled by the quantum state of the atom. 
Importantly, the results derived above show that this ap- 
proach may even work if the response of the atom in- 
duces very large coherent shifts. However, this approach 
assumes that the quantum jumps that are also gener- 
ated by the Hamiltonian in Eq. (IT6)) can be neglected. 
In practice, this may require a careful trade-off between 
the coherent shift and the errors caused by the quan- 
tum jumps, as expressed by Eq. (j24p . Note that quantum 
jumps only occur if the atom is in the | g) state, so that 
a single quantum jump immediately identifies the state 
and destroys the coherence between | g) and | d). The 
generation of a superposition of coherent states therefore 
requires that Pjump ^ 1- However, the quantum jumps 
themselves may have interesting and potentially useful 
non-classical properties of their own, so it may be im- 
portant to understand the properties of these non-linear 
contributions to the response of the atom in more detail. 



VII. PHOTON PAIR EMISSION BY 
TRANSITIONS BETWEEN DRESSED STATES 



As discussed in section HVl a quantum jump that takes 
the atom from its dressed ground state | g') to the dressed 
excited state | e') will be followed by a quantum jump 
back to the ground state within a time that remains close 
to the original lifetime of the excited state without driv- 
ing field. In the limit of weak excitation {6 ^ 1), these 
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quantum jump pairs are approximately independent of 
each other, since the atom will have relaxed back to the 
ground state long before the next quantum jump initiates 
another pair event. 

In the light field, each quantum jump is represented by 
the creation of a photon in the effective vacuum. In addi- 
tion, the sign of the displacement is reversed during the 
time interval between the quantum jumps. However, the 
effect of this displacement is directly related to the value 
of 9 and can be neglected for 61 ^ 1. We can therefore de- 
scribe the effects of a quantum jump event in the output 
of the light field in terms of the wavefunction of a pho- 
ton pair generated in the effective vacuum represented 
by the coherent field. The total probability density for 
the photon pairs is given by Ea. ([T7|) . The probability 
distribution over the time difference \t2 — ti\ between 
the initial quantum jump and the final quantum jump is 
given by an exponential function with a relaxation rate 
of 2r' = 2r cos'' (61/2), as given by Eq.([IHl). During the 
time interval between the jumps, the phase dynamics of 
the excited state applies, so that the total phase of the 
two photon wavefunction is given by —ujp\t2 —ti\. With 
this information, it is possible to write down the two pho- 
ton wavefunction that describes the effects of a quantum 
jump event on the output state. 



^'{tiM) = V2T'tan^ (^-j exp (-(F' + icj0)|<2 - h\) . 

(27) 

Since the two photons are indistinguishable, the defini- 
tion of ti and t2 is rather arbitrary. However the absolute 
value of the difference ensures that the later time appears 
with a positive sign, and the earlier time appears with a 
negative sign in |i2 — Interestingly, this means that 
there is a correlation between photon arrival time and 
photon frequency. The frequency of the first photon is 
reduced by the difference between atomic frequency and 
the input frequency, while the frequency of the second 
photon is increased to match the atomic frequency. This 
suggests a fairly simple picture of the non-linear scatter- 
ing process in time, where two photons arrive simultane- 
ously at the atom, and one photon is absorbed resonantly 
by taking the necessary energy difference from the other 
photon. Since the photon that has supplied this energy 
difference is not absorbed, it arrives at the detectors ear- 
lier, while the absorbed photon is emitted only after a 
time delay corresponding to the spontaneous emission 
time. 

It is also possible to interpret the pair emission as a 
squeezing effect associated with the quantum limit of four 
wave mixing at a single atom. Since the photons are emit- 
ted at frequencies that are quite different from the input 
frequency wnght, the output state is a squeezed vacuum, 
where the quadratures of the frequencies near the atomic 
resonance Watom are entangled with the quadratures of 
2wiight — Watom- The amount of squeezing is directly given 



by the Fourier transform of the two photon wavefunction, 
'ip{uji,uj2) = V2r'tan2 5{uji +^2) 

^ {^V + i{ufi-uji) ^ 2T' + i{up+uji)) ■ ^^^^ 

Thus, the complete response of a single atomic system to 
an off-resonant coherent driving field can be described by 
the combination of a linear coherent shift and four wave 
mixing effects that result in sideband squeezing. More 
complicated responses are possible at higher input inten- 
sities, but the quantum state in the output can always be 
expressed in terms of a superposition of different quan- 
tum jump sequences with the appropriate linear shift of 
the coherent amplitude. The present analysis provides a 
detailed description of these quantum effects and can be 
used to test intuitive assumptions about the usefulness 
of optical nonlinearities for quantum technologies. 



VIII. CONCLUSIONS 

We have analyzed the interaction between coherent 
light and a single atom using a completely quantum me- 
chanical description of light field propagation and field- 
atom interaction. By changing the representation of the 
field and the atomic system, we found that the inter- 
action can be described by a combination of coherent 
shifts and a sequence of temporally correlated quantum 
jumps that result in the generation of additional photons 
in the effective vacuum represented by the initial coher- 
ent state. If the excitation of the atom is sufficiently low, 
as is typically the case for strongly detuned fields, the 
coherent shift represents the linear response of the atom 
and the quantum jumps correspond to photon scattering 
by four wave mixing. Significantly, the linear shift can be 
made arbitrarily strong by increasing the pulse duration. 
It may therefore be possible to realize a quantum con- 
trolled coherent shift of the light field, where the control 
qubit is encoded in the electronic states of the atomic 
system. Such a quantum controlled shift gate could then 
be used to generate cat-state superpositions of coherent 
states with negligible overlap. 

The main non-linear effect of the light-matter interac- 
tion can be expressed in terms of the generation of addi- 
tional photon pairs, where one of the photons is resonant 
with the atom and the other photon is emitted at a fre- 
quency of 2a;iight — Watom- These photon pairs can also be 
explained as an effect of vacuum squeezing caused by four 
wave mixing between the input field and the vacuum fluc- 
tuations of the two sidebands. The dominant non-linear 
effect in the field-atom interaction can therefore be de- 
scribed in terms of a highly frequency dependent third 
order nonlinearity that results in particularly strong in- 
teractions between the input field and frequencies at the 
atomic resonance. Taking into account such resonant 
non-linearities may provide significant new insights into 
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the possibilities and limitations of non-linear optical ele- 
ments for quantum information processes. In particular, 
it is likely that the main practical difficulties of achiev- 
ing effective single mode operations in non-linear quan- 
tum optical devices will originate from four wave mixing 
effects associated with the off-resonant atomic states in- 
volved in the non-linear response of the medium. 

Essentially, we have shown that the choice of an ap- 
propriate representation is crucial for the description of 
optical quantum effects involving a large number of pho- 
tons. It may therefore be interesting to consider the ap- 
plication of our approach to more complicated systems, 
in order to identify the relevant physical effects in non- 



linear quantum optical devices. In particular, it seems to 
be possible to achieve a better intuitive understanding of 
the quantum dynamics involved in the off-resonant light- 
matter interaction, where a large number of photons is 
needed to achieve any significant effects. 
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